一般化された法線微分と調和関数の一意定理(ポテンシャル論とその関連分野) by 鈴木, 紀明
Title一般化された法線微分と調和関数の一意定理(ポテンシャル論とその関連分野)
Author(s)鈴木, 紀明












A. $D\text{ }$k. , $A$ $\partial D$
. $C^{1}(.\overline{D})$ . $D$ $.h:$.
(1) $h(X)= \frac{\partial h}{\partial n_{X}}(X)=0,$ $\forall X\in A$
, $A$ , . .
.
.
\S 1. Hopf –
, . $A$ –
, Hopf – . ,
B. $X_{0}\in\partial D$ , $h$ .
(2) $h(x_{0})= \frac{\partial h}{\partial n_{X_{0}}}(x_{0})=0$
, $h$ .
(2) ( ) :
$. \lim_{xarrow}\inf_{0}$
$\frac{h(x)}{\delta_{D}(x)}=0$ .
, $\delta_{D}(x):\text{ }\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{t}(X, \partial D)$ .
Hopf – ([5]).
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C. $D$ H\"older , $\alpha>0$
: $D$ $u$
$\lim_{xarrow}\inf_{0}\mathrm{f}\frac{u(x)}{\delta_{D}(x)^{\alpha}}=0$




D. $B$ $\mathrm{R}^{n}$ , $X_{0}\in\partial B,$ $V$ $X_{0}$ .
$\overline{B\cap V}$ , $B\cap V$ $h$
$h(X)\geq h(X_{0})=0,$ $\forall X\in V$ $\partial B$
, $N$
$x \in V\cap B\lim_{xarrow x_{0}},\frac{h(x)}{|x-X_{0}|^{N}}=0$
$h\equiv 0$ .
, $h$ $X_{0}$ ( ) ,
, $h\equiv 0$ (Hopf
1
$h\equiv 0$ ). [2] $\mathrm{D}$ Local Hopf..Lemma . [6]
.
\S 2. gradient
A (1) $A$ ?
, 1990 Bourgain and Wolff [3] .
Math. Review :
The authors give an example of a $C^{1}(\overline{\mathrm{R}}_{+}^{d})$-harmonic function which
vanishes simultaneously with its gradient on a subset of $\partial \mathrm{R}_{+}^{d}$ of positive
surface measure and which is not identically zero. This paper continu-
ous the work of Wolff [Counterexamples with harmonic gradients in $\mathrm{R}^{3}$ ,
(Pacific J. Math.) $]$ and contributes to a negative solution of the problem
of uniqueness set for the Cauchy problem for the Laplace equation which
23
was open for about 40 years. Here $d\geq 3$ . If $d–2$ such an example is
impossible. (by V. M. Isakov)
:
$D$ Lipschitz . $h$ $D$ , $A$ $\partial D$
.
(3) $h=0$ on $A$ , $\frac{\partial h}{\partial n}=0\mathrm{a}.\mathrm{e}$ . on $A$
$h\equiv 0$ ?
. $\mathrm{F}.\mathrm{H}$ .Lin [4] $D$ $C^{1,1}$ ,
$h$ $A$ ,
$\{X\in A;\nabla h(x)=0\}$
Hausdorff $n-2$ . , VAdolfsson,
L.Escauriaza and C.Kenig [1] , W.Wang [7] C1.0-
.
\S 3.
. $D$ $\mathrm{R}^{n}$ , $A$ $\partial D$
. , $B\cap\partial D\subset A,$ $B\cap\overline{D^{C}}\neq\emptyset$ $B$ .
$D$ $h$
(4) $\lim_{xarrow X}\frac{h(x)}{\delta_{D}(x)^{2}}=0,$ $\forall x\in A$
$h\equiv 0$ .
1. $\partial D$ , C2 ,
$\lim_{xarrow X}\frac{h(x)}{\delta_{D}(x)}=0,\forall x\in A\Leftrightarrow h(X)=\frac{\partial h}{\partial n_{X}}(X)$ $=0,$ $\forall x\in A$
(4) (1) $l\sim$ . $D$ Lipschitz





1. $D$ , (1),(2) ,
$D$ exhausion $\{D_{k}\}$ .
(1) $\partial D_{k}\subset\{x\in D;\delta_{D}.(x)<1/k\}..$’
(2) $\sigma(\partial D_{k})\leq k$ ,
, $\sigma(\cdot)$ . $\cdot$ $-$$\mathrm{t}$
$\{x\in D;\delta_{D}(X)\leq 1/k\}$ $1/2k$ ,
.
[ ] $B$ $\tilde{h}$ :
$\tilde{h}(x):=\{$
$h(x)$ $x\in B\cap D^{-}-$
$0$ $x\in B\cap D^{C}$
$\varphi\in C_{0}^{\infty}(B)$ $\mathcal{E}$ . k ,
k\geq k ,
$| \int_{B\cap D_{k}}h$ . $\triangle\varphi dx-\int_{B\cap D}h\cdot\Delta\varphi dx|<\mathit{6}$ .
, (4)
(5) $|h(_{X)|} \leq\epsilon\delta_{D}(x)^{2}, |\frac{\partial h}{\partial n}(x)|\leq\epsilon\delta_{D}(x)$ , $\forall x\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\varphi)$ $\partial D_{k}$
.
, , (5) 1
$| \int_{B}\tilde{h}\cdot\Delta\varphi dx|=|\int_{B\cap D}h\cdot\triangle\varphi dx|$
25
$\leq$
$| \int_{B\cap(\backslash D)}Dkh\cdot\Delta\varphi=d_{X|+}|\int_{B\cap D_{k}}h\cdot\Delta\varphi dx|$
$\leq$ $\epsilon+|\int_{B\cap D_{k}}\triangle h\cdot\varphi dX+\int_{\partial(B\cap D_{k}})-(h:\frac{\partial\varphi}{\partial n}\varphi\cdot\frac{\partial h}{\partial n})d\sigma|$
$\leq$ $\epsilon(1+$ $\sup$ $\{|\nabla\varphi(X)\cdot\delta_{D}(x)2|+|\varphi(_{X)}.\cdot\delta_{D}(X)|\}\sigma(\partial Dk.))$
x\epsilon B Dk
$\leq$
$\epsilon(1+\sup_{x\in B}|\nabla\varphi(_{X})|+\sup_{x\in B}|\varphi(_{X})|)$ ,
,
$\int\tilde{h}\cdot\Delta\varphi dx=0,$ $\forall\varphi\in C_{0}^{\infty}(B)$
, $\tilde{h}$ $B$ . $\tilde{h}\equiv 0$ ,
$h\equiv 0$ .
\S 4. Dirichlet –
– .
$\mathrm{R}^{n}$ $U$ . $D(U)$ gradf 2
$U$ , ,
$D(U):=\{f;\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}f\in L^{2}(U)\}$
. $D(U)$ 2 $f,$ $g$ . Dirichlet
:
$D_{U}(f, g)=D(f, g):= \int_{U}(\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}f, \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}g)d_{X}$,
$D(f, f)$ $D(f)$ . $f$ Dirichlet , $(D(f))^{1/2}$
$f$ Dirichlet . $C_{0}^{\infty}(U)$ Dirichlet
$D_{0}(U)$ , Dirichlet .
2. $h\in D(U)$ $U$ , $f,$ $g\in C_{0}^{\infty}(\mathrm{R}^{n})$ . $\partial U$
$f=g$ , $D_{U}(h_{:}f|_{U})=DU(h, g|u)$ .
[ ] $f$ $U$ Dirichlet $\dot{\Re}$ $H_{f}^{U}$. , $H_{f}^{U}=H_{g}^{U}$
. , $f|_{U}-H_{f}^{U}$ $g|_{U^{-}}H_{g}^{U}$ Dirichlet .
Dirichlet $D_{U}(\cdot, \cdot)$ ,
$D_{U}(h, f|_{U^{-}}H^{U})f=D_{U}(h, g|_{U}-H_{\mathit{9}}^{U})=0$ .
, $D_{U}(h,$ $f|_{u)}=D_{U}(h, H_{f}U)=D_{U}(h, H_{\mathit{9}}U)=D_{U}(h, g|u)$ .
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2. $\partial U$ , $h\in D(U)$
, $f\in C_{0}^{\infty}(\mathrm{R}^{n})$ ,
$D_{U}(h, f|U)= \int_{\partial U}f\frac{\partial h}{\partial n}d\sigma$
, 2 $f.\cdot.\vdasharrow D_{U}(h, f|_{u}.)$ $\partial U$ $(\partial h/\partial n)d\sigma \text{ }$
.
, 2 gradient
$\text{ ^{ }-}\text{ ^{}-}\text{ }$ .
.
1. $h\in D(U)$ $\partial U$ –
$h_{n}:=f\text{ }arrow D_{U}(h, f|u),$ $f\in c_{0}\infty(\mathrm{R}n)$
. $h_{n}$ $h$ $\partial U$
.
$h$ $A\subset\partial U$ $h_{n}$ ?
.
.
$h$ $:=$ $\Re(\log Z)$
$U$ $:=$. $\{(x, y);-2<x<2,0<y<3, x^{2}+(y-1)^{2}>.1\}$
$A$ $:=$ $\{(x, 0);-1<x<1\}$ $\cup\{(x, y);X^{2}+(y-1)^{2}\}$
, $|\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}h|^{2}=1/r^{2}$ , $h\in D(U)$ . $X\in A\backslash \{0\}$
$\partial h/\partial n$ , $X=(x, 0)$
$\frac{\partial h}{\partial n}(X)=\frac{1}{x}$
. .
, (3) , – ,
, :
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